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ABSTRACT

The purpose of this paper is to develop a method for the construction of solutions of linear
discrete systems with constant coefficients, with pure delay and with impulses. Solutions are
expressed with the aid of a special function called a discrete matrix delayed exponential.

1 INTRODUCTION

We use the following notation throughout this paper: For integers s, g, s < g we define a set
Z&:={s,s+1,...,q—1,q}. Similarly we define sets Z? _ :={...,q—1,q} and Z := {s,s+
1,...}. The function [ - | is the greatest integer function.

Consider initial Cauchy problem

Ax(K) = Bx(k—m)+ £(K), k€ Z3, (1)

x(k)=o(k), keZ®, 2)

where m > 1 is a fixed integer, B = (b;;) is a constant n X n matrix, x: Z=,, — R", f: Z§ — R",
¢: 70, — R"and Ax(k) = x(k+ 1) — x(k).

We add impulses J; € R” to x at points having a form i(m + 1) + 1 where the index i > 0 is

defined as i = [”1‘;11] for every k € Zy, i.e., we set

x(i(m+1)+1)=x(i(lm+1)+1-0)+J; 3)
and investigate the solution of the problem (1) — (3).
Before we deal with the solution of the problem (1) — (3), we will give the definitions and a the-

orem needed to solve our problem. We will also show an example to get a better understanding
of the problem.



Definition 1.1. For arbitrary integers n and k, we define the binomial coefficient:

n! ‘
(”):: qo—m f onzk=0 .

k 0 otherwise.

In this paper, we use a special matrix function called a discrete function exponential. Such a
discrete matrix function was first defined in [1], [2].

Definition 1.2. For an n X n constant matrix B, k € 7, and fixed m € N, we define the discrete
matrix delayed exponential eﬁk as follows:

/

® if kez ",
I if keZ%,,
k
I+B.<1) if kezm,
k k—m
Bk._ 2 . 2(m+1)
Cm = I+B<1) ‘|—B ( 2 ) lf kEZ(m+1)+la (5)
k , (k—m o (k—({—1)m
I+B-()+B* +--- 4B
1 2 14
. (m+1) _
if keZy" ) £=0.1,2,.

where ® is n X n null matrix and I is n X n unit matrix.

The Definition 1.2 of the discrete matrix delayed exponential can be shortened as

@ if kez-m 1
Bk
Cm = Lo (k=(j—1Dm . m+1)
I+ZIBJ~( j > if k€Zy" iy (=012,
]:

Next, Theorem 1.3 is proved in [1].

Theorem 1.3. Let B be a constant n X n matrix. Then, for k € 2=,

AeBk = Bez(kfm). (6)

REPRESENTATION OF SOLUTION OF INITIAL PROBLEM

The following example illustrates the influence of impulses on the solution and serves as a
motivation for the formulation of a general case.

Example 2.1. We consider a homogeneous particular case of (1) ifn=1, B=b#0, b € R,
m=3and f(k) =0, k € Zg together with an initial problem (2) for ¢(k) = 1, k € Z° ; and with



impulses J; € R at points iim+ 1)+ 1 =4i+ 1 wherei >0, i = [ﬂ] — [%] :

m+1
Ax(k) = bx(k —3), o
X(=3) =x(=2) =x(=1) =x(0) = 1, (8)
x(4i4+1)=x(4i+1-0)+J;. 9)

Rewriting the equation (7) as
x(k+1) =x(k) 4+ bx(k—3)

and solving it by the method of steps, we conclude that the solution of the problem, can be
written in the form:

k+3
x(k)=b0< J(; > if kez’s,

w=o () (o) v nea
=t () () ol A (3 ) o (5 e ()

if keZ8,

an () n ()l )

I
T bo(k01)+b1( 14)+b2( >+m+bg_1(k 4€ 3(0— z)}
s bo(k05)+b1(k18>+b( > __.+bg_2(k 8— 3£ 3)}
iy bo(k09)+b1(k 2) b2< 215>+_”+b5_3(k—12£ 3315 4)}
710 k— 4z+1 +3 ! k—4(i+1) b k—4(i+1)-3
Elﬁ( 40 ;rl) 2) _|_...(_|_b€1(i+1) (24(ig£1)(i3§l;) (i+>2)))}

4(0—1)+4 . _ .
lf keZ( )_i_lag 07172 :[%},ZZO

The solution of the problem (7) — (9) can be shortened to

& (k3D e, Y k—4(g 1) =33 1)
k)—j;)b< ; )-l-q;)J Z b( _ ) (10)

4(0—1)+4 ; _ .
fOl"kGZ( )+]7 é 07172 - [%},120



Theorem 2.2. Let B be a constant n X n matrix, m be a fixed integer. Then the solution of the
initial Cauchy problem with impulses

Ax(k) = Bx(k—m) + f(k), keZ, (11)
x(k) = (k), keZl,, (12)
x(i(m+1)+1)=x(i(m+1)+1-0)+J;, LFeR", i>0, i=[1] (13)

can be expressed in the form:

x(k) = eBro(—m)+ Z Bl Ag(j—1 +Zemk m— j)f(j_1)+queﬁ(k—(q-i-l)(m-i-l))

Jj=—m+1 j=1 q=0
(14)
where k € 77,
Before we will prove the Theorem 2.2 we will introduce an auxiliary lemma.
Lemma 2.3. Let a function F (k,n) of two discrete variables be given. Then
k
Z Flk+1,k+1) +ZAka]) (15)

Proof. (Theorem 2.2) We substitute (14) into the equation (11):

Ax<k>=A[ef;k<p< )+ Z b AQ(j—1) +2em" " i—1)
Jj=—m+1 j=1

Ly quﬁ<k—<q+1><m+1>>]
g=0

= AeBko(—m) + Z ABEm D Ap(j— 1) +AZemk ") p(—1)
j=—m+1 J=1

= [accordlng to the Theorem 1.3 and the Lemma 2.3|

:Beﬁ(k—m)(p( + Z Bemk m—m— ])A(p( . 1)+em((k+l) (k+l))f<k+ 1— 1)

Jj=—m+1

k . i
+ ZBeﬁ(k—m—m—])f(j_ 1) + Z JderB;(k—m—(q—O—l)(m-i-l))

j=1 q=0

=Bleﬁ(k_m)<9( )+ Z em " AQ(j— 1) + Zemk mm D (1)
j=—m+1 j=1
k ) i

4 Z eﬁ(k_m_m_])f(j—l)—l— quegl(k—m—(61+1)(m+1)) —l—eﬁ(_m)f(k)

Jj=k—m+1 q=0

= [according to the Definition 1.2 is e,lj,(_m) =/ and for j € Zk m1 18 em(k 2m=j) _ @]



:Be(k m)(p(_m+ Z kammJ)A(p(]—l +Zemkmmj)f<]_1>
Jj=—m+1 Jj=1

4 queﬁ(k—m—(q+l)(m+l)) —|—f(k)
q=0

= Bx(k —m) + f (k)
Now we substitute (14) into the left-hand side £ and right-hand side X of (13):
L=x(ilm+1)+1)

— Bt D+ oy 4 Z =D A (j— 1)
J——m—H
i(m+1)+1 Bli(m4 1) 1-m—j) L B(i(mt 1)+ 1—(g+ 1) (m+1))
©L o DG =14 Y sy,
q=0

R = ((m+1)+1—0)+J,-

_ elr':’l(i(m+l)+l + Z (i(m+1)+1—m— J)A(P(]— 1)
Jj=—m+1
i(m )+ B(i(m+1)+1 j = Blimt1)+1 1 1
CY ) g N B Do)
j=1 q=0
Since
Xi:quz(i(m—i-l)—kl—(q—i-l)(m+l)) _ iiquﬁ(i(m—kl)—kl—(q+1)(m+l))+Jieﬁ(i(m—i-l)—l-l—(i+l)(m+1))
q=0 q=0
i—1 ,
_ qugl(t(m+1)+1—(q+1)(m+l))+Jie§1(—m)
q=0
Zl (i(m+1)+1— (q+1)(m+1))+Ji

it is obvious that £ = R and (13) holds.
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