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ABSTRACT

This paper is devoted to Wazewski’s topological method in the form known for ordinary dif-
ferential equations. This method is applied to certain classes of differential equations which
solutions remain in a given set on their right-hand maximal interval of existence.

1 INTRODUCTION AND PRELIMINARIES

Topological methods are frequently used in proving results on qualitative properties of differ-
ential equations, especially in problems of the existence of solutions satisfying some boundary
value data. They are usually based on fixed point theorems or on properties of the Brouwer and
Leray-Schauder degrees (see[1,2]).

In 1947, Tadeusz Wazewski[3] published the paper in which he presented a new topological
method for proving the existence of solutions remaining in a given set. In this paper we show
some examples of applications of this method for ordinary differential equations. Now we give
a short summary of Wazewski’s topological method.

Let f(,y) be a continuous function defined on an open (¢,y)-set @ C R x R”, Q° be an open

set of Q, 9QV the boundary of Q" with respect to Q and Q" the closure of Q° with respect to
Q. Consider the system of ordinary differential equations

y =f(t,y) (1)

and suppose that system (1) satisfies conditions of the existence and uniqueness of solutions in
Q.

Definition 1. The point (t9,y0) € QN is called an egress (or an ingress point) of Q°
with respect to system (1) if, for every fixed solution of system (1), y(to) = yo, there exists an
€ > 0 such that (t,y(t)) € Q° fortg—e <t <ty (to <t < to+¢€). An egress point (ingress point)
(to,v0) of QU is called a strict egress point (strict ingress point) of QU if (t,y(t)) & Q" on interval
th<t<to+e& (to—¢€1 <t <ty) forane.



Definition 2. An open subset Q° of the set Q is called an (u,v)-subset of Q with respect to
system (1) if the following conditions are satisfied:

(1) There exist functions u;(t,y) € C'(Q,R), i = 1,...,mandvj(t,y) cCIQ,R] j=1,...,n, m+
n > 0 such that

QO = {(t7y) €eQ: ui(t7y) < 07 Vj(t,y) < OVl,]}

(2) ug(t,y) <0 holds for the derivatives of the functions uy(t,y), o= 1,...,m along trajec-
tories of system (1) on the set

Ua=A{(t,y) € Q:uqu(t,y) =0, ui(t,y) <0, vj(t,y) <0, Vjand i # a}.

(3) vg(t,y) > 0 holds for the derivatives of the functions vg(t,y) , B = 1,...,n along trajecto-
ries of system (1) on the set

Vg ={(t,y) €Q:vp(t,y) =0, ui(t,y) <0, v;(t,y) <0, Viand j # B}.

The set of all points of egress (strict egress) is denoted by QY (Q¥).

Lemma 1. Let the set Qo be a (u,v)-subset of the set Q with respect to system (1). Then
m n
Q) =00 = J U\ | V.
a=1 B=1

Definition 3. Let X be a topological space and B C X .

Let A C B. A function r € C(B,A) such that r(a) = a for all a € A is a retraction from B
toAinX.

The set A C B is a retract of B in X if there exists a retraction from B to A in X.

Theorem 1. (Wazewski’s theorem . Let Q¥ be some (u,v)-subset of Q with respect to system (1).
Let S be a nonempty compact subset of Q°U Q0 such that the set SN QY is not a retract of S
but is a retract of Q0. Then there is at least one point (ty,yo) € SNQq such that the graph of
a solution y(t) of the Cauchy problem y(ty) = yo for (1) lies in Qg on its right-hand maximal
interval of existence.

APPLICATIONS
Consider the system of ordinary differential equations
X =ftxy), y=gtxy), (2)

where f,g € C(Q,R), Q C R? is an open set and suppose that system (2) satisfies conditions of
the existence and uniqueness of solutions in .

Theorem 2. Assume that f and g satisfy for any t

xf(t,x,y) >0 if |x]=1land |y <1 3)



and
vg(t,x,y) <0 if |x| <land|y|=1. 4

Then there exists xo € (—1,1) such that the solution of (2) with x(0) = xo and y(0) = 0 satisfies
|x(¢)| < 1 and |y(t)| < 1 forallt > 0.

Proof. Define the set
Qo={(t,x,y) eR>: x| < 1, [y| < 1}.

The conditions (3),(4) tell us the set
U={(txy) R :x[ <1, [y =1}
is the set of strict ingress points of Qg and, similarly, the set
V={(txy) eR:[x|=1, |y < 1}

is the set of strict egress points of Q.

Take
Z=1{(0,x,0) cR?: |x| < 1}.

Then
ZNV ={(0,x,0) e R : |x| = 1}.

Since ZNV consists of two distinct points and Z is a connected set, ZNV is not a retract of Z.
On the other hand, ZNV is a retract of V since the points from the set {(0,—1,y) : [y| < 1} can
be continuously deformed to the point (0, —1,0) and the points from the set {(0,1,y) : |y| < 1}
can be continuously deformed to the point (0, 1,0). Hence by Wazewski’s theorem we get the
assertion of Theorem 1.

Consider the following simple Cauchy initial problem
K=x x(1)=0. (5)

Take
Qo={(t,x) eR?:u(t,x) =x>—1<0, v(t,x) =1 —t < 0}
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Put U(t,x)={(t,x) €R?: |x| =1, 1 —¢ < 0} (see Figure 2.).
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Figure 2.

V(t,x)={(t,x) €R?: |x| <1, t = 1} (see Figure 3.).
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Figure 3.

Then we get
i(t,x) = (x> —1) =2 =24 >0

Then all points on U (z,x) are the strict egress points (see Figure 4.).
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Figure 4.



Similarly,
v(t,x)=(1—t)'=-1<0

Hence all points on V (¢,x) are the strict ingress points (see Figure 5.).

x(t)

Figure 5.

It is obvious that the general solution of (5) has the form x(z) = Ce' and the particular solution
x(t) = 0. From Figure 6. and according to Wazewski’s theorem there exists a solution of (5)
lying in Qg on its right-hand maximal interval of existence that is x(¢) = 0, which validates our

computations.
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Figure 6.
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