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ABSTRACT

This paper defines the notion of an E0L grammar on a free group. The transformation
of any type-0 grammar to an equivalent E0L grammar on a free group is demonstrated.
Next, an algorithm reducing the number of nonterminals is introduced.

1 INTRODUCTION

In E0L grammars, the notion of a (direct) derivation has always been defined on letter
monoids generated by total alphabets of these grammars. In our paper, however, this notion
is introduced on free groups generated by total alphabets of these grammars.

The resulting grammars are simple and natural modification of the classic definition
of E0L grammars. Moreover, their generative capacity is remarkably increased. Indeed,
they generate the family of recursively enumerable languages.

2 PRELIMINARIES

We assume that the reader is familiar with formal language theory (see [1]).

For an alphabet V , V denotes the free group generated by V under the operation of
concatenation. The identity element is ε and x ∈ V denotes the inverse element of x such
that xx = xx = ε for all x ∈V .



An E0L grammar is a quadruple G = (V,Σ,P,w), where V is a total alphabet, Σ ⊆V
is a finite set of terminals, P is a finite set of productions of the form a → x, a ∈V , where
x ∈V ∗ and w ∈V + is the start string (axiom).

Let x,y ∈ V ∗. Then x directly derives y in G, written as x ⇒G y, provided that x =
x1x2 . . .xk, y = y1y2 . . .yk, k≥ 1, and for all i, 1≤ i≤ k, xi → yi ∈ P. In the standard manner,
⇒n

G, ⇒+
G and ⇒∗

G denote the n-fold product of ⇒G, n ≥ 0, the transitive closure of ⇒G
and the transitive and reflexive closure of ⇒G respectively.

The language of G, L(G), is defined as L(G) = {ω ∈ Σ∗ : w ⇒∗
G ω}.

In the standard manner, we can introduce the relations ⇒G, ⇒i
G, ⇒+

G and ⇒∗
G, where

the subscript G is usually omitted when understood.

An E0L grammar on a free group Γ, a FG(E0L) for short, is a pair Γ = (G,V ),
where G = (V,Σ,P,w) is an E0L grammar, and V is a free group generated by V under the
operation of concatenation. The direct derivation on V is defined as follows. For every
x,y ∈V , x ⇒Γ y if x = x1x2 . . .xk, y = y1y2 . . .yk, k ≥ 1, and for all i, 1 ≤ i ≤ k, xi → yi ∈ P,
xi,yi ∈V . The relations ⇒i

Γ
, ⇒+

Γ
and ⇒∗

Γ
have the usual meaning, and they are defined on

V .

3 RESULTS

In this section, we introduce a construction of E0L grammars on free groups. The
family of recursively enumerable languages is denoted by RE.

Lemma 3.1 For every phrase-structure grammar, H = (V,Σ,PH ,SH), V = N∪Σ, there
exists an equivalent phrase-structure grammar G = (V ∪ {X ,Y,SG},Σ,PG,SG), such that
{X ,Y,SG}∩V = /0 and each production in PG has one of these forms:

AB → AC, A → x, AY → YA,

SG → XSH , XY → X , X → ε

where A,B,C ∈ N, x ∈ N2 ∪ Σ and every sentential form of G, w, satisfies w ∈
{XY,X ,ε}V ∗.

Proof 3.1 (we only describe the construction)

Construction

Consider the grammar H = (V,Σ,PH ,SH), V = N∪Σ. Without any loss of generality,
assume that H satisfies the Penttonen normal form; that is, every production in PH has one
of these forms:

• AB → AC, where A,B,C ∈ N

• A → BC, where A,B,C ∈ N

• A → a, where A ∈ N and a ∈ Σ∪{ε}



(see theorem 4 on page 391 in [3]). Furhtemore, assume that {X ,Y,SG}∩V = /0. Define
the grammar G = (V ∪{X ,Y,SG},Σ,PG,SG), where PG is constructed as follows:

• for every A → x ∈ PH , add A → x to PG

• for every AB → AC ∈ PH , add AB → AC to PG

• for every A → ε ∈ PH , add A → Y to PG

• for every A ∈ N, add AY → YA to PG

• add SG → XSH , XY → X and X → ε to PG

where A,B,C ∈ N, x ∈ N2∪Σ

The construction of G is completed.

Theorem 3.1 FG(E0L)=RE

Proof 3.2 (we only describe the construction)

Consider any phrase-structure grammar G = (VG∪{X ,Y},Σ,PG,S), VG = N∪Σ. Without
any loss of generality, assume that G satisfies the properties described in Lemma 3.1.

Construction

We construct the FG(E0L) grammar GΓ = (V,Σ,PΓ,S), where V = VG ∪NCS ∪N ∪
{X ,Y}. A new set of productions PΓ is defined as follows:

I for every A → x ∈ PG, add A → x to PΓ

II for every AB → AC ∈ PG,

add A → A〈ABC〉, B → 〈ABC〉C to PΓ and 〈ABC〉,〈ABC〉 add to NCS

III for every AY → YA ∈ PG, add A → Y 〈AY 〉, Y → 〈AY 〉A to PΓ

and 〈AY 〉,〈AY 〉 add to NCS

IV for XY → X ∈ PG, add X → X〈XY 〉, Y → 〈XY 〉 to PΓ

and 〈XY 〉,〈XY 〉 add to NCS

V for X → ε ∈ PG, add X → 〈X〉〈X〉 to PΓ

and 〈X〉,〈X〉 add to NCS

VI for every Z ∈V −N, add Z → Z to PΓ

VII for every Z ∈ Σ∪N∪{X ,Y}, add Z to N

where A,B,C ∈ N, x ∈ (N2∪{Y}∪Σ∪{X}N).

The construction of GΓ is completed.

Next, we introduce a construction of grammars on free groups with the reduced num-
ber of nonterminals. The family of languages generated by E0L grammars on free groups
with the reduced number of nonterminals is denoted by FG(E0L)R.



Lemma 3.2 For every phrase-structure grammar, H = (V,Σ,P,S), there exists an equiva-
lent phrase-structure grammar, G = (VG,Σ,PG,S), such that VG = NG∪Σ and each produc-
tion in PG has one of these forms:

• AB →CD, where A 6= C and A,B,C,D ∈ NG

• A → BC, where A 6= B and A,B,C ∈ NG

• A → a, where A ∈ NG, a ∈ Σ∪{ε}

Proof 3.3 (we only describe the construction)

Construction

Let H = (V,Σ,P,S) be a grammar and N = V −Σ. Without any loss of generality,
assume that H satisfies the Kuroda normal form; that is, every production in P has one of
these forms:

• AB →CD, where A,B,C,D ∈ N

• A → BC, where A,B,C ∈ N

• A → a, where A ∈ N, a ∈ Σ∪{ε}

Define the grammar G = (VG,Σ,PG,S), where VG = N′∪N∪Σ and PG is constructed as
follows:

• for every AB → AD ∈ P, add AB → A′D′, A′D′ → AD to PG and add A′, D′ to N′

• for every A → AB ∈ P, add A → A′B′, A′B′ → AB to PG and add A′, B′ to N′

• add all other productions from P to PG

A formal proof that H and G are equivalent is simple and left to the reader.

Theorem 3.2 FG(E0L)R=RE

Proof 3.4 (we only describe the construction)

Consider that G = (V,Σ,P,S) is a phrase-structure grammar, N = V −Σ = {A1, . . . ,An},
A1 = S. Without any loss of generality, assume that G satisfies the properties described in
Lemma 3.2.

Construction

We construct the FG(E0L)R grammar Γ = (VΓ,Σ,PΓ,sΓ), where NΓ = VΓ − Σ =
{0,0,1,1,2,2}. Define the injections, h : N → {0,1}+ and h : N → {0,1}+, such that
for every Ai ∈ N, h(Ai) = (i)2rev((i)2) and h(Ai) = inv(h(Ai)), where (i)2 is the binary
representation of i on dlog2 |N|e bits, for i = 1,2, . . . ,n. Note that the inverses to 0,1 and
2 ∈ NΓ are 0,1 and 2 ∈ NΓ respectively. The start string of Γ, sΓ, is h(S)2.



The set of productions PΓ is constructed as follows:

I for every X ∈VΓ, add X → X to PΓ

II for every AB →CD ∈ P, add 2 → h(B)2h(A)22h(C)2h(D)2 to PΓ

III for every A → BC ∈ P, add 2 → h(A)22h(B)2h(C)2 to PΓ

IV for every A → a ∈ P, add 2 → h(A)a to PΓ

where A,B,C,D ∈ N and a ∈ Σ∪{ε}.

The construction of Γ is completed.

Corollary 3.1 FG(E0L)=FG(E0L)R

4 CONLUSION

The inverses of the free group allow to remove the context-sensitive productions.
Moreover, the encoding of nonterminal symbols reduces their number to exactly six.
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